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vector distance from P to vortex element (see fig. i), feet.

i(x co6_ + y 81u_).

!(z cos × - x sin X).

_(_ _'os,_- x sin _)cos X - z sin x sin ,.

i_ourier sine-coslne 8cries (no_n_alized with respect to the con-

sta_t tertu) descrlbin_ the _zlmu_h_ise varistlon of vortlcit_'

in the outer ws/[e, q_ne negative derivative of f(9) describes

the correspondln_ vurti__ity in the limner wal_e.

unit vectors aloD_ x, y, and z axes, i'espectlvely.

dlste_ce _long w_ke, measured from tip-path plane,

arbitr_zy point in sp_ce.

vector iz_duced velocity at P, feet per see.

r_dius of vortex element, secured parallel to tip-path plsae

from w,_ke axis (see fig. i), feet.

rotor radlus, feet.

distance between P and edge of rotor disk at

(see fig. I), feet, JR2 + x _' + j,2 + z2 . ',-_iC_.

distance from P to center of rotor, feet, q/x :i'
2_

+j" +z'.

vector leI_gth of vortex _lement, feet.

coordinates of P (see fig. i), feet.

Induced-veloclty components along x, y, and z axes,

respectively, feet pet- sec.



U

V

r

p

x

velocity of bla_e element, feet per see,.

forward speed of rotor, feet per sec.

normal component of indu_'ed velocity at center of s_sm_trlc,

'uniformly loaded rotors positive upward, feet per see.

angle of attack of rotor tip-path plane, radisms.

circulation, square feet per see.

V sin c_ + w 0
rotor inflow ratio,

mR

rotor tip-speed-ratio, V cos _.
[,R

mass density of air, slugs per cubic foot.

wake skew angle, measured positively from the negative z-axis

to the axis of rotor w d_e (see fig. I), degre,._s.

azimuth angle, measured in direction of rotation from do'_ind

position, rexUans or degrees.

rotor rotational speed, radiana per sec.

Pri_es indicate mondimensionalization with respect to R.
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II. IZ_i_OLUCTION

The widespread use of the helicopter todaj is a result primarily of

its hovering and vertical flight c_p_bilitiea. The penalty for vertical

flight _apability is high, since the relatively io_ speed of the retreating

blade-_ re_uires high angles of attack resulting in bl&d_ stall which

severely limits the n_Aximum forward speed of the _licopter. _ttempt8 to

achieve a _aore reasonaole combination of t_ove!_Ing and forward-flight char-

acte_Istics have led to a s_Iggevin_ _u_. and varietj of desi_as,

rangimz from "unloadsd-yotor" convertlplanes -'coV_£OL fig_htere. _._cludlng

Jet-powered V'I_3Ld_eigns, these .hjbrld ai_'cr_ft usuall_" have at least one

important featuu'e in common - _hat is_ the _resence of a wing opermtir_ in

the w_e of lifting rotors. The performance and stabilitj of the entlre.

aircraft is thmrefore inti_Lte].y ._elated to the mutual interference

between tl_ _Ing and the rotors.

_%_ flow-fleld in tl_ vicinity of a conventional wing has been

studied extenslve!y for #ears and a _ea_ deal of Inform_tlon is readily

available. Unfortunately, the counterpart does not exist for a lifting

rotor. 'Fnls is pertla_ly the result of the math_atlcsf c_plexlty of

rotor-_yahe calculations. However, the main reason 18 that even the sim-

plest estimate of the induced flow dlgtributlon _ielda adequate results

_hen ccmpu_in_ onl_" the overall performance of an isolated rotor'. (_ee,

for example, references ! and C, ,_here a uniform induced-veloclty dis-

trlbutlon is shown to yield almost the same results as a linearly var%_it_

induced velocity. )
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The advent of the practical hQlicopter focused considerable atten-

tion on the high rotor-blade vibration levels encountered during certain

flight conditions. An attempt to explain theee vibrations led Coleman,

Feingold, and Stempln (ref. 3) to investlg_te the distribution of

induced velocity in the plane of the rotor. This plom_er analysis was

based upon a concept of the rotor wake origlnall_ proposed years before

by Glauert (ref. 4), and which etill forms the basis of almost all rotor

Induced-flow _heory. The investigation of refere_e 3 succeeded in

establishing the general nature of the variation of induced velocity

along the longitudinal center line of a unifo_ml_ loaded rotor.

,\ few years later Drees (ref. 3) ex_oln_ t._e flow at several points

in the rotor disk. The most notable result of this investigation was an

estimate of the lateral asymn_t_ of the induced velocities which was

obtained by a means of a crude _pproxlmation to the wake. This Is the

only available paper which has considered lateral asymmetry of the vortex

wake° The method, however, can not be extended to an arbitrary point in

space.

At shout the same time, Mangler s_ Squire (ref. 6) published the

results of their own investi_tion which was unique in that it considered

the rotor flow problem from the viewpoint of circular wlng theory. This

investigation showed olear_7 the large effect on the flow which results

from nonuniformlty of loadlng. Unfortunstely, this result was generally

overlooked due to the lack of reliable experimental verification.

Note reQently, Cutlee and DeLee_ (ref. 7) eu,__ in obtaining

the induced velocities throughout the longitudinal pla_e of symmetry of
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a _'otof with ,_ii'o._ disk l(_di_' Z by n,_._'i(" ally Integr_ti_ the effects

of the series of vo_-bex rin_s comprisi:Iz the -Jahe. ri_nls Investig_tlon

provided, for the first ti_, induced velocities _t locations _f interest

for interference problems and fo._md ;_ b_sls for _m_n$ s1_ceecdinz Investl-

gatiolm. (:Joe, _iso, l_afs. _ an_._ 9 Jhe_'e Castles _nd ot_m_s haw. _ _zx%mnded

thi_ work to othex- locatlens b$* .-_._ans ,_f a_t._tic digital c,_'aput_rs and

a D_segIc analog. )

'ihe usefulness of the prucedin_ papers v_s seve_:_i$" limited b2" an

al_ost togal lack of reli_b!e ex_Dri_ent_! information. "i_Is -;as due in

l_u'ge part to the very pl-actlcsl difficulties of me_urir_ the flou

angles and velocities either in filght or in s_lL-scale _'in,l-tunnels.

The need for such Inform_tlon led to _ exte,mlve flow-surve]: progrmm in

the N\Ci's Langle_ full-scale tunnel. _eferenee I0 presents a few pre-

llmina_ results from this InvestIsation, m_d tlm bulk of the "_.ork vas

presented l&te_ in reference iI. The saulient point of this investigation

was t_t, in the fo_#e%rd resions of the florin which are not _teri_Ll_'

_ffected by the roll-up of the _-otor wake, the theoretic_lly cmlcul_ted

flows _,ere in redouble _reement with t_e mee_ured flow, p_'ovid..,d that

the dlsk-los_l dlatrib_tlon e_sumed wss re_on_Ol_ close to that which

a_ctuall_ _ exists on the rotor. In exldltlon, _ methc_1 of muperposltion was

given, by which it is possible to adjust the _v&il_ble ur_Ifoc_]/_ loaded

rotor c_icul_tlons to corre_pon_ to _0' _rbitr_r_ _.xisymmetrlc lo_d

distribution.

One festure observed Curing the course of the Investlgmtion of

reference_ lO _ad ii wa_ _ _l-onounced asjTmn&try of flow _s _ function of
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tlp-speed :_Ltio. _]uch an as.,_am.,i,:_. _:,,],_ be e_Dec;ted because the

advanc£n_ sued :_,trcatir_ S b.lad_s of the rotor operate at very different

velocities and olq_i.es of attac%_:. However, existi_ theor_ is not e_pa-

ble of co:aputln_ this effect sln:<_ the w_ke _s _eneral!_ _ssumed to be

s_qmetrlcal. '_fhls sho:teomin{ :,f'theory could be. se_'ious mince the

sid_-L_-sid_ dii'!'ec_3nc,_s itl _'lo.....m: l_.sul_ in char4=_es in the ro%or-win_

Int_'fer_uce causln_ lar6e rollin_z :._omen_,s on single rotor convertl-

pl.anes 9f even !'ar_ perfor._ncc chartges on certain twin-rotor n_chlnes.

_]he p_'esent investig_tlon studies the effect of tlp-speed-ratlo culd

the _ssociated w_/_e rAsb'.nm_t._J on the induced velocities near a ilfZin_

roUor. _ a_mljmis is based c.n an assume.d wake which is a lo_Ic_l

exbcnslon of that used in previous Investi_atlons. _quatlons ar_

dew_Icpcd _'o_- all thre_ ind'aeed-veloc_tj components in terms of _n

_rblt:_:_f_ azimuLh_Ise var_atlon cf blade ci_'culation. An autc_atic

digital compute_ _;_s used to Int_zrate %/%e equation for the non-real com-

_2onen% of induce<l ve!oclt 2 in the l_teral plane of _ _'o_or having a

slnusoldal vsr!ation of clrculmt_on. The numerical resul_s are p?e-

sentei in both _bul_ and chart folnn. Comparisons are maxL_ both with

th_ ii_i_Ited results of Dross (ref. 9) and with the meausurements of

,'e/e_'enc4 ll.
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;Issumed wake.- Rotary vlng induced flows are _enel_lly calculated

in the same manner as the flows of .vlngs, thaL is, by integrating, the

effect of all the vortices shed be1_nJ the llftlxkg surface. 'ihe present

analysis assumes the w_,_e to be essentlally the same as tl_t of refer-

ences 5-9 and 7-11.

T%te major characteristics of the mSsumod yaks and the assumptions

made are as follows:

!. _ blad_ circulation is uniform alon_ the radius Out varies

with azimuth angle in some predetermined fashion.

2. The tip vortices ar_ carried do_rnward at a unlfomn rate of 2,_i,'.,

and rearward at a uniform rate of _d_R, and thus lie as helices upon the

surface of an elliptic cylinder _hlch is skewed back f-,_omthe tip-p_th-

plane axis at an ar_le y = taa. 1 -t_ (See fig. l(a) )

_. The vortex spacln_ along the wake is sufficiently close that

the vortlclty may be considered uniformly distributed along the surface

of the skewed cylinder.

4. 'i_e effects of the ax/_] com_onen_ of vortlcity in the w_ke and

of the bound vortices on _hm blades are _gligibly small.

The efTect of the@e mssu_tlons should not greatly limit the use-

fulness of the results. The first assumption is not a severe handicap

since refarence II shovs that these results may be converted by super-

position to correspond with other loadings. The second assumption

requires that the vortices be carried off at the maan flow rate rather
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than with the local fizz. ar,d thus{ Inc:_r_ c->nslder_ble e_'ror at verd Io_

speeds %,here onl_ the induced velocities are present (see i-ef. !i). _:t

higher @pe<_ds, this u_E_%s that the roLl-up of the w:_ile is negi_:cted.

However, t_Lis ,:_f£ects onl_i the rea_,aJd _oztlon ,)I ths fl_; 't-eg. LI). _e

thi:cd assu2uptlon restricts the _n_l_:_.:_ to tlme-_ver_ed _mm% vc].cciti_s

r_ther Zhsm the instantaneous induced velocities resix)nslble for the

load!n,_ variations sho%_n _n refgr_nces if _v/ ]3. _"_nls facet of the proD-

lem _'i?.l. be _-:'_nined s.t o._st._ .,nn_.h _n a _ubsequent l)oztlon of this

thesis. ?in_ity: such experimgntsl results _s are _vai]able gi'_e no

evid_n-_e tl_t the a_'_IKl vo._tlcltj Is i_n_r%_t, _,nd the :,_.]or port£on of

the b_)tvl-v_'U_¢ <._ffects ha_e be_?n shc_nl in fefeuences D and !0 _o be

sma! _ -_he[,_ tlt_e-avere_ed.

In the present c_s_, the e2s,_tis] _nodiFzc_ic)n to _h_ ":_e o:' pre-

vlous ansl_Sses is %ht,t the sSce,lgth o£ :_m v<_:-ticit_ is _lio_ed Lo vs_-j

with azi_n_xth p:._si_.len, [['his c__indrlc_l w_he ,_ith var2"In _ vorticit_ vill

be. r?ferred to in the re_indev of this the-sls as the "outer wa/_e." (See

rig. :(a). )

No_ if the vo_%Iclt_ in the outer _m/_e varies :zith _zlmuth sa1_le, _h_

theorem that vortlclt_ c8_nnot en_ in space requires the presence o C _ddl-

tiona] r_lal vortlcity inside the outs," w,Ake. Thus _ "In_er wake," a

solid skewed c&*llnder of rldial vorticlt 2 (fig. l(b))_ is fo_ed. The

strength of this vorticlt2 is equal to the _s_tlve of the rate of chan_e

of t_ voctlelt_ of the outer wske.

In the succeedin_ sections, the Induced-velocity coaCri1_utlons of

the inner _a_ outer :;i_es _e developed separately _ a matter of



convenience. The total Induced v,_locitj is, of course, the S_un of both

contributlo_m.

Induced velocities of outer _mke.- 'I5%einduced velocities ma3 be

fo_Id b__ Integratlr_q the Biot-Savart la:r over the wake. 'ireneBiot-_av_-t

la_ is

_,rhe__ the foll_Jing may be detezcdned fr_; figure l(a) by inspection:

_--[T(-;_ sin _)+ _(_ cos_)+ o_]d_

= i"(n co8 _ + L slu X - x) + _'(_ ,in ,;,- j) + _(-L cos X - ,-).

3ubstitution of these values in eluatlon (i) and Integratlng yields

i J k

-_In_ cos# 0

4g ell

?, cos#+L sinX-x):_ + (_ sln_-3) 2"+ (-L cosX-_)

R cos$+L slnX-x R sln_-2 -L cosX-z dL d_

from _,hich the nornal, oz' _., co Jlgonent oi' l:_duccd velocity' is
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Numerl, a]_ a_ u_at_ons.- 'IT_cp_'c edlng se tlons of :21is ._.h_,sisha.e

presented expressions for the !ndu_ ed ve_ocitles in terms of in<_e_'ais

Unfolrtur_te]._', these Inte._;:_a]sa_"_:nc_t, in gener_l, expre_ssib]e in terms

of elementa__y ftmctlons (ref. 5). _%erefore, num_rleal integration is

necessary to obtain tsabie results. The cc_p!exit_ of these exp-_-_:,ssions

(eqso (!)), ('i), (!_), ( _i_)_(._7), and (30)) makes mAn_zal computation

uneconcmleaI ; therefore., the eql_tions were ¢ode_ for integration on

the Ii_ 70_ automatic digital computer loceted at the Lar_!e b" _._T°_u_"t_._u.j.....

of the NACA.

q_i_l ca_cu!ationa were made first in order to detcrmine the

accuracy of the computing, progra_ rq_ Ic.cation _f the point P _as

confined to the ].ataral axis within the rotor disk, and a unit vortex

density was chosen. For this ease, Katzoff (ref. II) ]:m.S sho%-n that

the induced-veloclty ratlo is always ,mllty. Simpeon's _ule with an

interval of three de&Fees, when used ,;ith ei',_ht si4_llficant flg'cLres

(floating _ecimal system), reproduced this _ra!ue within 0.000,_: except

when the point was less than three percent of the radius from tb_

edge of the rotor dlsk. Thls procedure _s selected for the ensuing

calculations on the assumption %hat it would yield _-easo_ble accuracy

at other loc_tlons and for other vortlclty dlmtrlbutions.

In order _o hold the machine time to & reasonable total, only the

normal eompomant of induced velocity w_ COml_U%ed. This should not be

& severe restriction since the normal c_onent is, in general, the

cc_ponent of major _nterest.



Three skew angles, X - tan "I 2, tan "I 4, and tan "I lO, were

selected. This range of skew angles encompasses virtually all forward-

flight conditions foy the helicopter, and a large portion of the transi-

tion speed range for convertiplan_s.

The cap_clty of the ccm_puting machine wsu_ such that calculations

could be made. simultaneously for t_o different vorticlty distributions.

'ihese _._erechosen as f(_) = I and f(_) = sin _. It vill be shorn in

a succeedin_ section that these t_o vortlcit3 distributions are suffi-

cient for a reasonable reprementatlon of t_e rotor.

Certain locations in the vicinity of the rotor present more

interesting fields of research than others. O_e of these is the lo_gi-

tundinal plane where the fuselage and tall are located. Symmetry (ref. 3)

shows, however, that possible tip-speed ratio effects are s_nall in this

plane so that available calculalions (refs. 8 and ll) should _ _d_uate

for most purposes. _*_rperimentally (ref. Ii), the lateral rotor pl_

has been shown to experience l_rge slde-to-side asymmetries due to

forward speed. Since_ in general, this will _e the location of the

wings on a convertiplane, a knowledge of the flow in this region is of

interest for performance calculations. The calculations were therefore

confined to the lateral plane.

Since there appeared to be some _0asibility that the induced

velocity of the inner wake might be of ezmLll magnitude, the first cal-

culatlonS were programmed to print out the Indivldual contribution of

each part of the w_e° The results of these calculations are presented

in figure 2. where it is evident that the induced velocity contributions

of both parts of the wake are of the _ order of megnitude. For the



remainder of the calculations only the SL_m,the t,ota_ Inducted v::._7oclt/,

was printed out.

Th_ final co::iputi_4gprogr_:_ ,zas such that the total in<_iccd

veloclt/ for both vert_city dis !-rlbutlons uas calculated at a rate of

5 to !; seconds p..-.i"point in spac_-.

';_._ecalculated ve]ocltles _o _cthe sin _ component of vortlclt2"

ace presented in tao!es II to _l, and also in the fo!_,_iof contou:" clmrts

in figures 5 ,_i__. '_'hecalculated v_].o,_._Itiesfor the constant vo_'_i2i_

o.,_secheck all.st exactly those L'ive_l in ,reference 8, aund consequentlb _

are. no% presented h_reln.

V_qtielt_ distc_bution of the rotor.- '_%e remainlr_ tash is to

relate the clrculatlon in the "_¢a!-?and on the rotor blad.-s to the.,thvast

of the rotor. Consider a hellc_Dter rotor in for,_ard flight, qh_'_

velocity of any olade ele,ment is (ref. )

U _ ,,q[<:-- _ ,, sin _';
\_'L

_ llft du_ to the blade element will then be

_here it is understood that F is a function both of radial position

and of azimuth angle and the entire thrust is considered to be concen-

trated on a single representative blade. T_ rotor thrust is found b_

integrating equation (_2) along _he blade and averaging _Ith respect to

azlmuthangle to give
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T toUR P

In order to aeco_npllsh the integra%ions of equation (_5) i_ is

necesea_./ to know P as a ft_,ction o_' z and 7, If the lo_lng ie

reLativelj constant with azimuth position, it is eviddnt that the clrcu-

latlon must h_ve a large sln_moidal component. Fua-thellnore, since tl_e

loading must be zero at the centez of the rotor; the clreulatlon should

also De zero et the center'. For the present purlyose , the circulation

is taken as

p rO f _ n , :--:

where F0 and n a!_ conmtants. _ne assumpr_ion t_t the sinusoldal

portion of the _Ireulation _aries radial IZ_ as i/r times the constant

part of the circulation is purel.j arbitrarj. However, it will "De shown

nov that thls assumption does meet _dditional requlrements and that it

mlso entails certain slmplificat_ons in the analysis.

Substituting equmtion (_) into equation (52) yiel_

i- _+I " n-i

IL" ' :t
+ (3.5)

Thus the blade-e!ement loading will have no first hm._-monie compo-

nent if the clrcu!at[on Is am ses,_,e.d he.cein. _2rthermore, the thrust

moment of the blade about the_ f!appln_ pin will al_o have no flrs_

harmonic. Thle result Is In agreement with bla_e-element theory (for
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:_c:::::.2n,..-sh.._:._ glve:l \'a .:.__%:.i=,.l;,:.,))i_a.S '_'.-'.I_,;1_(:k_.d l_rl_ali_'

No'. sus_,.iSute ,._:,i_atlon (y_) it:t: c iuaticn (_3) _nd integrate to

ob '_in

"_re n is nei_che:" 0 nor -2.

Substitute for I'O fr:_ equmtlon (33) in eq:_tLon (54) to detec-

mine. the value of :he circulgtion over the rotor disk, which is

Bquations (_6) and (57) are sufficient to relate lhe thru_ to the

wa_e vo:,tlclZy for an mroltrarj rs_lisl distribution of l,_d. The an_lygls

Is, ho_ever, much si=pic__ if restricted bo a trlmngular Ic_ling (n !).

o_n :c the asaun_ptior_s of _n undefonned wa_.e a_d an appcoxLnatel_ axis_-

ra_t_'ic !o_dln_ greatly restrict lhe m_xim:un accuracy of the _lysls,

sinc._ the actual rotor loading is no-c, at present calculable (ref. 16),

tl_e mss_ption of trlang, ular loading is probably satisfactory. For thlg

c_e e_o_ (_6) ana (57) _ec_
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T:. I-2_ /,
(}8)

r
......i }T - _-_ sln ;i. (39)

Consider first the portion of the circulation whlch is constant

with respect to smimuthposition. This part represents _n axisym-

metric loading in the sense of re.ferenee Ii. For the triangle&fly

loaded rotor case of reference II, where _ O,

r
_R2

_um the inducad velocities conzributed by the constant _-t of

the vorticlty may be obtained from the results of reference ii mere].__

by multiplying the induced velocities given therein by 1 . In

ozxler to facilltate the work, charts similar to these of reference Ii

have been computed for the lateral plmy_ from the remulto of refer-

ence 8. These charte are presenteA in figure 5.

'l'ne $inusoldml component of equation (_9) le unlform&!onE the

radius _ its value for uni_ strength ma_" be read _irectly from fig-

ures 3 mml 4 of this thesis. Since the icemling is agsume_ trla_gular,

the comatgnt of 3/2 from reference Ii must be Inlerte_ in this portion

of the c_iculatlon aa well. The values from figumes _ e_ 4 must



_herofor_ be. multiplied by

is then

'l_he total induced velocity at P

It will "_ noted tbmt figu_'e_ 2 t_ 3 p_'esc_t induced veloclzy

contours for onl_- the mlvanelng side _f the. z_tc:r, q%lese v_lu_s _.%s_

be Insez-ted d|rectiy into equation (41) _'h_n d_Jallr_ _ith Lbe L%dvaneIi_

side of the rotor. _ fl¢_-f_e!_ p_ssess,_c, certain sj_netries h,hlch

are noted on the flgur_J_. Thus the f!o'_"over the : :t_'._atin_ _mlf of' the

disk is identical to that of the _,/v_ci_ ha".._" _hen th_ vortleitj is

c<_mtant with respect to azimuth ar_].e. '_,e slnusoid_i vortlcity,

however, result_ in e_ _tie_Immetrlc velocity field, a_d comseq_ently,

ths Induced v_locity r&tio_ of figures ? to _ must b_ multiplied by -I

•_hen used,for the retrestir_ side of the disk.
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IV. DISCt_SIC_ OF CAICU_I_ED RESDLT8

_he moat striking feature of the calculated flow Cfigs. _ and _) is

the extent to which the effect of slnusoi_sl vorticity is concentrated

near the tips of the rotor. This is in marked contrast to the flow

generated by a uniform vorticity (ref. 8) where the induced velocity

gradient across the wake is relatively mild. This result might have

been anticipated since in the present case the vortlcity is not on_

greatest near the rotor tips, but it also chan_es sign from one side of

the rotor to the other.

It is also evident that the effect of sinusoldal vortlcity dies out

rapidly wlth distance from the rotor. The reason for this is apparent

from figure 2 which indicates that the _fects of _he inner and outer

wakes counter&ct each other at locations &Tester than one radius from

the center, whereas they ten_ to add at locationl near the rotor.

The only prevloua attempt to compute the asymmetry of flow due to

forward speed is that of Drees (ref. _). He assumed that the sinueold&l

portion of the vortex system could be represented by two smaller cylln-

drlcal vortex sheets similar to, but d/spoeed laterally within, the

original cylindrical sheet representi1_ the outer wake. The induced

velocity contributlon at the three-quarter raAium point of the lateral

axis yam found by nmMrlcal integration to be _w . . _ (_ed, howevez,
w0

on a v0 whlch already includes the 1 factor fou_ in the

2

previous section). It has since become evident from Katzoff's s_m_tr_-
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theoreml (ref. i!) that this system produces a uniform induced velocity

across each aide of the rotorj however, at that t1_e it was suggested that

this result indicated m linear lateral distribution of induced velocity

vith a slope of -_.

Figure 6 co_pe0ces the present resuAte with those of reference _.

Surprisingly enough, the results are closely similar at the three-quarter

radius over a large range of tip-speed ratios (fig. 6(a)). When the

induced velocity dlstribution is considered, however, the resul_ may be

lees satisfactory. Thls is shown for a tip-speed ratio of 0.30 in fig-

ure 6(b). The difference is even greater if the actual induced velocity

of the vortex syiltem of reference _ Is con6tde_ed.



_\Ltho_zh the Indu_'ed-veloclt# equmtions _$ere {L.-.rlved_._Ithno

restrictions a;5 to lo'.atlon in sp_-e, a comparison with experlment i_

c.._stri'ted to the late_-al pla_ oZ the ..,'o_orby tl_ limited ex_nt oi_

the numeri_,zl _"al-uLatlona. _'h,_only ext,_nslve experi_;nta1_ Invcstlg_,-

tlon of this region is that of refer_n,:e i!. iW_.fore a,"tuall2 ._-'o_-p_rinE

the <al_,ulated and measured indued velo:'Ities, <._rtain shcrt_mlngs oF

the inve_tiga%ion of refc:runce iI, and of t}_ present th_si_, zhouLd be

noted and borne in mind. First the a_ _u_ar'y of the flo,_ surveys ca_ged

from I0 to +_ :_er_:_.ntof the m._:n In@ou,+ed vel,_ity d,._pend_r_Z upon the

!_rti,'ular flight _°cn,litiou, F,.:rt,herm_re, t._ .me_su:ce_,,_ent_Indi ate

that tlm fI(_{ in th_ l_te_l ply.he is p_ftl, ul_rl_, ser_Itlve to the

actual d_'_±ile.l rotor load di_tr_.but!.,on. %}_e pre,1_n% ÷_13sis, _s

pr_:%'lously noted, h_s as_,_d a __:y neacl_/ syt%me_rlr trianzuiar

.l,o_dlng, *#hir'h is not a"tv_ll_y th._._,ase _s ]ms be_n show_l b_, refer<_n .:.,i"].

_!_erefore, some dis'-re_n3_, p_rt!cularly st the edges of the rotor, w_uid

be expe,:ted in the fol!o_ing._ -_p_,.rlson.

Figure 7(a) r'cm_l_res ,"el:ulnted _d me&su:ed Indu,.:ed velo_:itles fo¢

,a l(_'-.._peed level-fllght (,: . 0.0)9) b_li:opger :ondlzion Sine the

fo_-¢ard speed is so !o_, there _hould be ilgt!e dlffere_ce fr_.n sld.,: to

si_ on t_ rotor. _D_Is is verified b_th bv the theory and bj th_

expe.ri,_ent_l _easumemen%_. _q Sener_l, however, the corr_,-t tr._nd is

£r_lir-,_tedby the %h_or_,. (Se_ p.%rtlcularly z - -0.07.) "_he error is

fairly i._rge nesr %he outer part of the w_ke bel(_w _he co%or (Z = -O.lh

and -O.:_O). "]'his diz:_:-ep_n.-:iis pactiall_' due to differenc.-s b__,_ween
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the assumed and actual disk loadlngs (see fig. I0 of ref. 16). H_ever,

the error is probably more directly chargeable to the rapid roll-up of

the lower part of the wake, which has alreacly been carried back a full

radius from the leadin_ edge of the rotor disk.

Figure 7(b) prements a similar comparison at a tip-speed ratio of

O.l_O which represents a crulsing flight condition for a helicopter, in

general, the new theorY represents an i_provement in accuracy over the

older Symmetrical vorticity calculations. 'A_h_effect of variances from

the assu_d triar_ular load distribution is shown at the vertical loca-

tions closest to the rotor. The effec_ of wake roll-up are less in

this case because of the lower lift coefflci_nt, and consequently the

calculated induced velocities are much closer to the measured velocities

even near the lower edge of the wake.

A noticeable departure from the trend of reasonable agreement is

shown outside the retreatlng tip of the rotor. Here the new theory

indicates a considerably increased upwash over that predicted by the

older theory. This is not borne out by the measuremeats, which indicate

the same, or even less, u_wash here than on the advancAn_ side of the

rotor. The reasons for this variance are not understood at present, but

may be a matter of some concern. References lO and 17 indicate that the

mean induced velocities ma_ be used in esti_ti_ the interference

between rotors of multlrotor configurations. Since this is so, it would

be expected theoretlcall_ that the performance of a side-trj-side rotor

system would be greatest when the blades retreat on the adjacent sides

of the rotors. _e experimental flow measurements, however, indicate



that the differences due to direction of ro:_tlon should be minor, and

perhaps eyed in the opposl_e 8@rus_ from tba,t i_dlcated by the theo_/.

Effects such as these provide a fertile field for further investigation,

both theoretical and experimental.

Figure 7(c) compares theo_"# and experiment for a fairly hlgh-speed

flight condition (!..= 0.2_2). %_nls particular set of _asur_ments lea

the least accuracy of those given in reference ll. 0n the other hand,

however, the effects of asymmetry are also the greatest here. 'i_e

degree of improvement offered by the nan_ theory Is evident as _ii a_

is the shortcomln_ of the theor 2 at locations outside _be retreatln_

tip.

Figure 8 compares the theoretical veloclties wlth the extrapolated

data of reference iI in the plane of the rotor itself. Thls flgure

summarizes .most oi' the previous discu_slon of figure "r. It also _rlvidly

d_monst,_tes the extent to which the load dlstrib_tio_ on the rotor

changes wit.h tip-speed ratio. If the actual inst_ntar_ous i_Iduced

velocities were k_wn it would, of course, be possible to obta/n the

lolling o_ _ _tor. Unfortur_tely, present rotor blaAe-element-theory

does not yield _equ_te r_sul_ when used to calculate the blade load

dlstrlbutlon (ref. 16). Its failure in this regard is primarily a

result of assumi_ that the inflow is uniform ovmr %he _ntire rotor.

Other sources of orror, such aa the usual small an_le assu_tions and

sharply cut-off tip lo_s, are apparent but are probably of a smaller

magnitude. It might be that, at first 81_oe, that the insertlcm

of the local values of the mean induced velocities in the appropriate
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places In bl@___-<_l_nt-th_oAD, wot:Id g.-_atlj improve the accuyac_ of the

analysis. In this regard it Is '_cll u-_ consider some of the :'_sults of

reference 13.

Reference 13 Is an experimental Investlg_tlon of the induced veloc-

ities In the plane of a rotor. _lhe Ind_c_ velocities verc obtained by

measurlnz the Instantaneous pzessure distribution on a _-otor blade

means of pressure cells, and then _orkin_ b_chward th_oush the blade-

element theory to obtain the induced vclocit_ required to pi'oduce the meas-

ured load_ng. The r_sults, of eoL_rse, include all the er_-ors i,_rent in

the theory, but at least It may be sa/d tha_ th_ge induced velocities

the velocities which will giv_ the observe_ loa_Iilg.

The data polnts shown on fibre 9 cor_espond to one flight condition

of reference 13. %11e solid curve represents the mesa induced velocity

calculated on the basis of our present Itnowledge. It is immedlately

eviden +. that the_-e 18 no correlation at _!I between the measured sad

ca!culated results. _ven the trends of _ curves are completely

reversed over _he front half of the longitudinal centerline. Similar

results may be obtained from the loe_llngs of reference 16 ,here the pres-

sure g_es, h_vlD_ much f_ter r_sponge, may be co_Idered more accurate.

Figure 9 Is Sn direct contrast to the rea_le _reement shown

prevlotusly in figures 7 and 8, and m%? be _xplaLine4 as follows: 'fl_

actual wake vortices are s%uproxlmmtelj ske-_ed aplrmls emmnmtlng f_x_m the

rotor blade. Thus tl%elr loca_lon In sp_ce, and co_equently the veloc-

ities induced by them, will be distinct functions of the blade azimuth

pOsition. Thls relationship bet,_een bl_ azimuth position and induced
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veloclt,7 _as lost ,;h_n the _a_:_ voztlci%j _-re.sass_,_d to be uniformly

diatributed. 'IT_ non_n_ifo_qlty of vorticity has llttlc or no effect on

the ti:_a-avers{4ed read!r_Z of a survey probe (such as t1_at of r_,f. ii)

fixed at a point in space_, however, the rotating blade, being tied, so

to speak, to the vnrtex'system, sees so'_'_:induced velocity other than

the mean value. Thus, the induced velocities given by the p_sent

report should not be used for detailed blL_ loading studies.

'i_o recent papers (references ]8 and 19) have indicated that the

blade loading problem Is actually analogous to the flutter problem of

flxed_wing aircraft. Usir_ flutter the.-,ry, but modlfyin_ _ the _ke

vortex pattern to more nearly cnrrespcnd ._Ith that of a rctor, these

inveatlgatlons ha_ sh_in that the unsteady ae.rodynazdcs of the blade

plays a large part in determining the loading. It _ould se_m likely,

therefore., that this approach is ._ore appropriate to the blade load

problem than are attampts to combine the present results with blade-

e_ement theory.
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Vl_ COt_CLUS I._

The followlr_z result_ _vc been .obtained from this thecr_Jtical

study of the effe<'t of ti_o-speed ratio and the associated aey_._Juet._yof

flc_w ,._nthe induced v_lo iti_s in the vicinity of a lifting rotor:

i o Cquatlons, suitable for nm_eri<:al integration, h_ve been

developed for the three r_cc4oonente of induced velocity.

o7. Numeri_al results, in the form of charts and tables, have been

pr.:m_.nt_d for _he _-.:_'_'_induced velocity in the lateral pLea_ of a

rotor D_vlng _ sin _ vorticity (tistrlbution.

_. Ch_rts of t_e no_l induced v=ic itj in the lateral plarg_ of a

rotor having a s_m_e_ric_l _,riarug,_t_r vorticitj distribution have been

pr_._sented,

4. ;,_en c_ed _Ith previousl_ n_tlc _ind-tur_uel flow-me_tu'ements;

the present r_sult9 agpe_,' to be _re ac_.urnte than previo'asly _v_ilable

theoretical result_.

_. ',.q_en_com_x_red with the induced velocitles obtained by previous

rotor-blade pres_ure-dlstrlbutlon me_ur_mezt_, the present results

_ppear to be Inapplicable to the calculation of rotor bl_la loeds.
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VII. SL_._4//.Y

A theoretical investigation of the asymuetr 7 of induced flow in the

vicinity of a lifting rotor in forward flight hma been conducted. The

a_mlysis is based upon an asymmetric wake which is a logical extermion

of that used for previous Investlg_tlons. Equations for the induced

ve.locities at an arbitrary point in space a_ p_esented in a form suit-

able for numerical Integr_ticn. Nt_erlcal results for the no_l

induced velocity in the lateral plane of the rotor are presented in the

fo_'_ of' tables and charts. C_]nparlscn with previously available ,_eas-

urements indicates an i_,Iprovement in aceurax-y _over ->ld(:r theories. The

results should be useful in est_._ting the, interference between wing

anu rotor of compound helicopters and convertlplanes, In addition the

_esults should be applicable to the problem cf mutual interference

bet;:een rotors of multl-rotor helicopters.



,'_ " i",_,_"- _,._cVIII. ._..._,J_L_ .,._'_io

%_e author vlshes to expre.ss his ap2.",_c!asien _o L_. :5. Xatzoff of

the NAC\ vho initially s .ug_ested _he _o_.lc o£ tl_is thesis a_d _,he pro-

vided guidance anL:lencou:'_4_ement throu_ho:_t the co'_'se of the investiga-

tion, _u'ther, [,he author's thap/_s and gra_it,Ad._ are extendud t_._

P'_ofe_so1' \, C. ___.....,._._u_-"the Vlr_inla ?ol_,t,zchnlc, Ii_s_u_c+"" " fol- his

8xlvice and h_ip duz{D4_ t!_ course of the w0_4., an,:).-_:-__[;r, !_, _J, Tr'_.Litt

fox' his i'_'iendl_' cnc._,_r_e_nent throu_:h._ht uhe au_l_)r's studies.
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5_lle_Lysis t,E 'th_ h_,_er wa':¢ Invo_.ves in%egrals _f the for_.-m:

f_ .;tx _l t//F -.',x ,
+ (,">: 4-d),J_ + .?.x + ,_.

whei'_ " = a + bx + ?¢t_.

_.oth f,_'ms :_;,'bc cv:lJ.tL_tedby use of t!Ye sub.qtltutfon (item -JP,

.. _;i _o.....of the t-uo and will b? ev&It_¢cd

flr_¢. '_-:_Indicated subztltutlon redu.::3s th/s fO_T_TltO

(?,i)

'_.%_right hax_i side. of _quation (,_i) m_y b_ Intagr_tod by Item 67

of rei'e_ence I_+ to _ield

'1%_ flr._! expression l_ obtaln_d by _urnlng _quatlon (A,) to the

orlgi_il _riable, x.



' r:l

("_3)

where: q is a_ g_w.,.nabow.-..

'"valuation oi' t,l_ ,_e(,ond fo_,_ is a more _sngt_hy ta_k, but. p,_-o_.ec_ds

(_)

i _ 2 du

÷ u d_

(V j)

_ b_" int=_-atcd o_' i_n 72 of ,.'eference l_ to give



_f_,, dx = . -l_.._ ln(b - _kl)+ cx + 4 i ÷ c

+
C

_ihe remainln_.' Integc_! may be ._v_.l,._t<,dbb i_-szm of itc= _7 of

,-.._'=.,._,n__ ...._,...... 14 tO ylc].u

d_ 1. + ¸"

c'_ - i

2 , - t_l_-! .._u............ , (_,7)

Now ru_arn ¢,l_atton (_7) to _he original _rlmble x, .',:_ui _-I,._g in

Z + _x + _I c& ° i

+c2.1

i_0te that

(As)



5he nre3enm:_ of t_; teL1__fth-'dc t;._'r:m in eq_#..vt:ion (.,) ocr'_sions

ima_Lina _ v&l_:_ "',.,," the Intecrsl if elthe'" (_ ._ :.× + d} c,,-

(b + ._ - 2 _.,',)is _ga':.iv,.- Th'o'vi'/:.;_/t_mt thcse i?_Iv_sa.:':.:_r:r:_notoni,'sliy

negate. " ,, th_1'_ 'z_,m,...... ',. t_:_-, b,:_" a..-:-,! n,.;d a-z ['o!Ir',,;'s:

, "%

.... [' u _u ................

/. _;A_.... a.

[. ," -." (aL, . ,_:,3
f .j#)

..... /&x_.... . l ln(2u - b)
+ ,'x + d ]-+ '

+
c 2 - 1

J'[,
bc - 2d . du

e-, ]

(,::[i)
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ccmga_-ison of equ_ti_,m (,_5) _i ('_I].)indicates tblt the or_ly dlf-

fercnce 13 a reve_'sal in si_ cf the a_,___ilts .i' t!_,.i:_it_L%c t_.

'_[hei'ei'ore,a_ io,_ as _he_c _'_[_ent_ -._re_notonicall_ either i>osltive

or pm_c_tive, t_: i'Irg__ex_gresslon nK_/ be _ritten as

_ h9__-__!9._. t,czC!I_($_-.'-.1-)-.('-_r_-.x-).-_._--.'.-_.!_t-l,
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TABLE I

LIMITING VALUES OF ARC TANGENT IN EQUATION 22

Location of P

y=z_O

Azimuth angle _

degrees

180

90

Arc tangent

radians

+__
2

0

270 0
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(a) Outer wake.

Figure i.- Rotor wake system.
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(b) Inner wake.

Figure i.- Concluded.
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(a) X = tan -I 2 : 63.43 °.

Figure 3.- Contours of induced-velocity ratio_ W/Wo, in the lateral
plane in the immediate vicinity of a rotor having a radially uniform

unit sin _ vorticity distribution. Flow field is antisymmetric

about y' = O. Broken line represents edge of wake.
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Figure 3.- Continued.
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(c) X = tan -I i0 = 84.29 °.

Figure 3.- Concluded.
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(a) X = tan -I 2 = 63.43 °.

i_._ Contours of induced-velocity ratio_ W/Wo_ outside the wakeFi g_re

in the lateral plane of a rotor with a radially uniform unit sin

vortic_ty distribution. Flow field is antisymmetric about y' = O.

Broken lime re_resents edge of wake.
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(b) X = tan -I 4 = 75.97 ° .

Figure 4.- Continued.
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Fig'_-e 4.- Concluded.
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Yig_re 5.- Contours of induced-velocity ratio_ W/Wo, in the lateral

_:lane of a rotor having a trianguiar_ circularly symmetrical vorticity

distribution. Flow field is symmetric about y' : O. Broken line

represents edge of wake.
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Figure 5.- Continued.
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A theoretical investigation of the effect of tip-speed ratio and the

associated asymmetryof induced flow An the vicinity of a lifting rotor

has been conducted, _ analysis is based upon an asymmetric wake which

is a !ogieal extension _.,A_that used for previous investigations. Equa-

tions for th_ induced velocities at an arbitrary point in space are pre-

sented in a fo--m suitable for n,_me_rica! in+_grati_n. N_erieal results

for the normal induced velocity _n the lateral plane of the rotor are

presented in the form of tables and charts. Comparison with previously

available measurements indicates an improvement in accuracy over older

theories. The results should be useful in estimating the interference

between wing and rotor of compoun,1 helicopters and convertiplanes. In

add/tion, the results may be applicable to the problem of mutual inter-

ference between rotors of multi-rotor helicopters.
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Figure 9.- Comparison of calculated time-averaged induced velocities

with effective induced velocities as determined by pressure distribu-

tion measurements on a rotor blade (ref. 13). _ = 0.30.
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A theoretical investigation of the effect of tip-speed ratio and the

associated asymme%r> of Induced fio,_ in the vicinity of a lifting rotor

hsa been conducted. _ analysis is be_ed upon an asymmetric wake which

is a !ogieal extension c,f that used for previous investigations. Equa-

tioms for the induced ,_!oc1.tles at an arbitrary poimt in space are pre-

sented in a form suitab%_ for n,_rical in%_gratlon. N,mnerlca! results

for the normal induced velocitL, in %he later81 plane of the rotor are

presented in the form of tables and charts. Ccmr_)arison with previously

available ._easurerm-nts indicates an improvement in accuracy over older

theories. The re.s_Its should be useful in estimating the interference

between wing and. rotor of compound helicopters and conv_rtiplsaes. In

addition, the results may be applicable to the problem of mutual inter-

ference between rotor_ of multi-roi_or hellcopters.


